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The claim in [1] that pair-density wave (PDW) super-
conductivity in magnetic field is more stable near surface
than in bulk, is not supported by microscopic theory.
The Ginsburg-Landau (GL) analysis presented in [1]
is flawed in several respects: (i) it uses GL coefficients
[2] that are valid only in the vicinity of the tricritical
point (TCP), where HFFLO(T ) ≈ H0(T ), Eqs. (2-4) in
ref.[1]; (ii) the truncated-gradient GL expansion is gener-
ally inadequate, since at low temperatures and high fields
the modulation wave-vectors q are large and the gradi-
ent and magnetic energies are comparable µH ≈ vFq/2
[3, 4] and have to be treated on the same footing; (iii)
properties of the surface region in the used GL theory are
not well-controlled: the microscopic theory [2] is based
on the bulk propagators, so the resulting GL functional
misses the fact that the symmetry of the system at the
boundary is reduced [5]; moreover, fast oscillations of the
order parameter near surface make system non-local and
require a microscopic treatment of the correlations due
to quasiparticle scattering similar to boundary conditions
for unconventional pairing states [6].
All these issues can be addressed within the semi-
microscopic quasiclassical theory, that correctly captures
effects on lengthscales well below the pair coherence
ξ0 = vF/2piTc  k−1F , and is a tested tool for studying
inhomogeneous FFLO states [3, 4, 7].
A singlet superconducting order parameter ∆(R) is
self-consistently determined from
∆(R)〈|Ykˆ|2〉 ln
T
Tc
= 2piT
∑
εm>0
〈
Y∗
kˆ
[
f↑ + f↓
2
− ∆Ykˆ
εm
]〉
kˆ
(1)
where Ykˆ is a symmetry basis function (s-wave, d-wave,
etc), and 〈. . . 〉kˆ denotes Fermi surface average. The in-
stability is given by linearisation of (1), corresponding
to ∆2-terms (with arbitrary gradients) in the free en-
ergy expansion. Linearised Eilenberger equations for the
anomalous propagators f↑,↓(R; kˆ, εm > 0)[
1
2
vF(kˆ) ·∇R + (εm ± iµH)
]
f↑,↓(x, y; kˆ, εm) = ∆(x, z)Ykˆ
(2)
is supplemented with the boundary conditions at the
z = 0 interface: for atomically smooth surface
fα(x, 0; pˆ, εm) = fα(x, 0; pˆ, εm), while for diffuse surface
I use scattering matrix method [8].
I expand the order parameter amplitude
∆(x, z) =
n−1∑
m=0
∆m ϕm(z) η(Qxx) (3)
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FIG. 1. (a) The critical Zeeman field of a 2D s-wave su-
perconductor with cylindrical Fermi surface, and atomically
smooth boundary (pˆ = pˆ − 2zˆ(zˆ · pˆ)). Hc for surface FFLO
state (solid and dotted lines) never exceeds the bulk critical
field (open circles). (b) profiles of the order parameter emerg-
ing at the transition points A,B,C in panel (a).
in the orthonormal basis ϕm(z) = e
−z/2ξ0Lm(z/ξ0) on
z ∈ [0,∞), where Lm are Laguerre polynomials. The
cut-off, n, limits the extent of the order parameter along
z axis to about 4n ξ0. The x-dependence η(Qxx) =
{exp(iQxx) or cos(Qxx)}. Then one solves (2) analyt-
ically for f↑,↓ along classical trajectories starting with
normal state value f↑,↓(z → ∞; pˆ) = 0 and connecting
pˆ → pˆ via the boundary conditions at z = 0. Substi-
tuting f↑,↓ into (1) and projecting out ϕm-modes gives
an eigenvalue problem that I solve to find the highest Hc
transition and the corresponding eigenvector ∆m=0...n−1.
The results for the critical field Hc are shown in
Fig. 1(a). A superconducting state, localized within 20ξ0
of the surface with n = 5 components, is suppressed by
fields lower than the bulk critical field. As number of
the basis components increases, the most favorable su-
perconducting state expands away from the surface, and
the Hc approaches H
bulk
FFLO. For n = 40 we basically re-
gain the bulk behavior; the profile of the order parameter
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2along the transition line, shown in Fig. 1(b), is uniform
everywhere above the TCP, long modulations appear just
below TCP and they get shorter at lower temperatures.
The point C period of 12ξ0 exactly corresponds to the
value found in bulk system [3].
The solution with finite modulation Qx along the sur-
face also never exceeds the bulk transition. This indi-
cates that the bulk instability is the most favorable one
and there is no special more robust surface PDW state.
This conclusion is also reproduced for d-wave symme-
try, for atomically rough (diffuse) boundaries, for Fermi
surfaces of different shape (tight binding), in 1, 2, or 3
dimensions. By evaluating free energy ∆4 terms along
the transition I confirm that in all cases the transition
remains 2-nd order, with exception of the 3-dimensional
case, which is of the first order below the TCP [2] but
becoming again second order at low temperatures [4].
While quasiclassical theory is strictly invalid for ξ0 ∼
k−1F , it still gives qualitatively correct answer for sur-
face states [9], which may indicate that the surface PDW
states obtained by the same authors in a BdG treatment
in [10] is a feature of extreme parameters when the spin-
splitting of bands is comparable to the bandwidth. It is
also worth pointing out that oscillations of the order pa-
rameter in tight-binding BdG approach may also appear
as a result of surface and geometry effects [9, 11].
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